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Abstract
We study a natural generalization of ∗n-modules (and hence also of ∗-modules) by introducing
the notion of ∗∞-modules. The most important results about ∗n-modules (and also ∗-modules) are
extended to ∗∞-modules (for example, Theorem 2.7, etc.). An interesting subclass of the class of
∗∞-modules, namely the class of ∞-tilting modules, may be viewed as a more natural generaliza-
tion of tilting modules of finite projective dimension to infinite projective dimension. We show that
the generalization of the Brenner–Butler theorem in the tilting theory holds for ∞-tilting modules
(Theorem 3.9).
 2004 Elsevier Inc. All rights reserved.
Introduction
The classical tilting modules were introduced in the early eighties by Brenner–Butler
[1], Bongartz [2], and Happel and Ringel [8,9]. Since then they have played a central role
in the development of the representation theory of artin algebras. The defining conditions
for a classical titling module apply to arbitrary rings and some important results carry
over in the general case [6,10]. One of these results is the generalization of the Brenner–
Butler theorem proved by Miyashita [10]. Namely, let RT be a tilting module with A =
EndR T . Denote Ext0R(T ,−) := HomR(T ,−), TorA0 (T ,−) := T ⊗A −. Let KerT i =e :=
{M | TorAi (T ,M) = 0 for all i = e} and KerEi =e := {M | ExtiR(T ,M) = 0 for all i = e}.
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equivalences between module categories for all e 0:
ExteR(T ,−) : KerEi =e KerT i =e : TorAe (T ,−).
In this sense, the tilting theory may be viewed as a far-reaching way of generalization of
the Morita’s theory of equivalences between module categories. A different way of gener-
alization of the Morita’s theory was shown by Fuller by introducing quasi-progenerators
[7]. Later, Menini and Osatti [11] defined the notion of ∗-modules which is a general-
ization of both quasi-progenerators and classical tilting modules. Colpi [4] proved that
classical tilting modules are just ∗-modules that generate all injective modules while quasi-
progenerators are just ∗-modules that generate all of their submodules [3]. More recently,
Wei and others [16] introduced the notion of ∗n-modules which generalize both ∗-modules
and tilting modules of projective dimension n. It was also shown in [16] that ∗-modules
are just ∗1-modules while tilting modules of projective dimension n are just ∗n-modules
which n-present all injective modules and has projective dimension  n [16, Lemma 3.7
and Theorem 3.8].
Our purpose in this paper is to consider some more general settings. We proceed as fol-
lows. In Section 1 we recall some necessary definitions and notations. Then, in Section 2,
we introduce the notion of ∗∞-modules which generalize ∗n-modules and finitely gen-
erated projective modules. Many results on ∗n-modules are extended to ∗∞-modules. In
particular, we characterize ∗∞-modules as modules RP with A = EndR P such that there
is an equivalence
HomR(P,−) : CD : PA ⊗ −,
between full subcategories C ⊆ R-Mod and D ⊆ A-Mod where C consist of modules ∞-
presented by P (see Section 1 for the definition), and D consist of modules M such that
TorAi (P,M) = 0 for all i  1 (Theorem 2.7). In Section 3 we mainly study an interesting
subclass of the class of ∗∞-modules, namely the class of ∞-tilting modules (see Defi-
nition 3.4). The position of ∞-tilting modules relative to ∗∞-modules is similar to the
position of tilting modules of projective dimension  n relative to ∗n-modules. In fact,
tilting modules of finite projective dimension (in the sense of [10]) are just ∞-tilting mod-
ules which have finite projective dimension. We show that there exist ∞-tilting modules
of infinite projective dimension by an example (Example 3.6). Moreover, it is shown that
∞-tilting modules also appear naturally in the sense that the generalization of the Brenner–
Butler theorem holds for them (Theorem 3.9).
1. Preliminaries
All rings have nonzero identity and all modules are unitary. For every ring R, R-Mod
(Mod-R) denotes the category of all left (right) R-modules. Modules mean left modules
without explicit mentions. By a subcategory we mean a full subcategory closed under
isomorphisms.
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exact sequence P (Xn−1) → P (Xn−2) → ·· · → P (X1) → P (X0) → M → 0, where Xi ’s
are sets for 0  i  n − 1. M ∈ R-Mod is said to be ∞-presented by P if there
exists an infinite exact sequence · · · → P (X2) → P (X1) → P (X0) → M → 0, where
Xi ’s are sets for all i  0. Denote by Presn(P ) (Pres∞(P ), respectively) the cate-
gory of all modules n-presented (∞-presented, respectively) by P . Note that there is a
clearly inclusion between categories: Pres∞(P ) ⊆ Presn+1(P ) ⊆ Presn(P ). We denote
Pres2(P ) by Pres(P ) and Pres1(P ) by Gen(P ) as usual. The following lemma is easy
to prove.
Lemma 1.1. Let P ∈ R-Mod and A = EndR P . Then P ⊗A B ∈ Pres(P ) for any B ∈
A-Mod. If moreover TorAi (P,B) = 0 for all 1 i  n, then P ⊗A B ∈ Presn+1(P ).
An R-module P is said to be self-small if HomR(P,P (X))  HomR(P,P )(X)
canonically for each cardinal X. Let P ∈ R-Mod. P is n-quasi-projective if for any
exact sequence 0 → M → P (X) → N → 0 with M ∈ Presn−1(P ), the induced se-
quence 0 → HomR(P,M) → HomR(P,P (X)) → HomR(P,N) → 0 is exact. Note that
in case n = 2 it is just the familiar notion of w-Σ-quasi-projective, introduced by
Colpi [3].
Let R be a ring and P ∈ R-Mod with A = EndR P . Assume e 0. We use the following
notations:
HP := HomR(P,−) and TP := P ⊗A −;
Ext0R(P,−) := HomR(P,−) and TorA0 (P,−) := P ⊗A −;





∣ T iPN = 0 for all i  1
};















∣EiPM = 0 for all i = e
}
.
It is well known that (TP ,HP ) is a pair of adjoint functors and there are the following
canonical homomorphisms:
ρM : TPHP (M) → M by f ⊗ p → f (p);
σN : N → HPTP (N) by n → [ p → n⊗ p ].
Lemma 1.2 [3]. ρM is an epimorphism if and only if M ∈ Gen(P ).
P ∈ R-Mod is a ∗n-module if P is self-small and (n + 1)-quasi-projective such that
Presn(P ) = Presn+1(P ). In [16] the following result is proved:
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(1) P is a ∗n-module.
(2) P is self-small and for any exact sequence 0 → M → P (X) → N → 0 with N ∈
Presn(P ), we have M ∈ Presn(P ) if and only if E1PM → E1PP (X) is a monomorphism
canonically.
(3) P is self-small and for any exact sequence 0 → L → M → N → 0 with M,N ∈
Presn(P ), we have L ∈ Presn(P ) if and only if the induced sequence 0 → HPL →
HPM → HPN → 0 is exact.
(4) P induces an equivalence TP : KerT i1P  Presn(P ) : HP .
2. ∗∞-modules
We first introduce the following notion.
Definition 2.1. An R-module P is said to be ∞-quasi-projective if for any M ∈ Pres∞(P )
and any infinite P -presentation of M: · · · → P (X2) → P (X1) → M → 0, the induced se-
quence HPP (X1) → HPM → 0 is exact.
Lemma 2.2. The following are equivalent for an R-module P :
(1) P is ∞-quasi-projective.
(2) For any infinite exact sequence · · · → P (Xt ) → ·· · → P (X1) → M → 0, the induced
sequence HPP (Xt ) → ·· · → HPP (X1) → HPM → 0 is exact, where t  1.
(3) Any infinite exact sequence · · · → P (X2) → P (X1) → M → 0 is also exact after the
functor HP .
Proof. (3)⇒ (2) ⇒ (1) are clear.
(1) ⇒ (3). For any i  1, let Si = Im(P (Xi+1) → P (Xi)). It is easy to see that · · · →
P (Xi+2) → P (Xi+1) → Si → 0 be an infinite P -presentation of Si . Hence we have that
HPP
Xi+1 → HPSi → 0 is also exact. It follows that the induced infinite sequence · · · →
HPP
(X2) → HPP (X1) → HPM → 0 is exact. 
Now we give the definition of ∗∞-modules.
Definition 2.3. An R-module P is said to be a ∗∞-module if P is self-small and ∞-quasi-
projective.
From the definition we see that all finitely generated projective (or more generally,
n-quasi-projective) R-modules are ∗∞-modules. In particular, all ∗n-module are ∗∞-
modules and the converse fails clearly. In fact, we have the following result.
Proposition 2.4. P ∈ R-Mod is a ∗n-module if and only if P is a ∗∞-module and
Presn(P ) = Pres∞(P ).
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is (n + 1)-quasi-projective. Let 0 → M → P (X) → N → 0 be exact with M ∈ Presn(P ),
where X is a set. By hypothesis, M ∈ Pres∞(P ) and P is ∞-quasi-projective, hence we
have HPP (X) → HPN → 0. Therefore P is (n+ 1)-quasi-projective. 
Recall that ∗-modules (i.e., ∗1-modules) are finitely generated [12], while it was left as
an open question to see whether ∗n-modules are finitely generated [16]. Hence, the same
question is open for ∗∞-modules.
Proposition 2.5. Let P be a ∗∞-module. Then
(1) ρN is an isomorphism for any N ∈ Pres∞(P ).
(2) HP (Pres∞(P )) = KerT i1P .
Proof. (1) For N ∈ Pres∞(P ), we have an exact sequence 0 → M → P (X) → N → 0
with M ∈ Pres∞(P ), where X is a set. By assumptions P is ∞-quasi-projective. Hence
the induced sequence 0 → HPM → HPP (X) → HPN → 0 is exact. It is easy to see that
the following diagram commutes:









0 M P(X) N 0.
By Lemma 1.2, ρM is an epimorphism. Since ρP (X) is a natural isomorphism, ρN is an
isomorphism.
(2) For any N ∈ Pres∞(P ), we consider again the above exact commutative dia-
gram. Note that M ∈ Pres∞(P ), so ρM is also an isomorphism by (1). It follows that
T 1PHPN = 0. Applying the same arguments to M , we also have T 1PHPM = 0. Now we
derive that T iPHPN = 0 for all i  1 from the fact that T i+1P HPN  T iPHPM for any
i  1. Hence HP (Pres∞(P )) ⊆ KerT i1P .
On the other hand, we have that TPM ∈ Pres∞(P ) for any M ∈ KerT i1P by Lem-
ma 1.1. Take an exact sequence 0 → L → A(X) → M → 0, where X is a set. Then
L ∈ KerT i1P and TPL ∈ Pres∞(P ) too. Clearly the induced sequence 0 → TPL →
TPA
(X) → TPM → 0 is exact. Since P is a ∗∞-module, we have the following induced









0 HPTPL HPT (X)P HPTPM 0.
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that σM is an isomorphism. Therefore M  HPTPM ∈ HP(Pres∞(P )). This shows that
KerT i1P ⊆ HP (Pres∞(P )). 
Lemma 2.6. Let P be a ∗∞-module. Then HP is an exact functor in Pres∞(P ).
Proof. Though the proof is similar to [16, Proposition 2.6], we also give it for complement.
For any exact sequence 0 → M → N → L → 0 in Pres∞(P ), we have an induced
exact sequence 0 → HPM → HPN → HPL → D → 0, where D = im(HPL → E1PM).
Let C = im(HPN → HPL). Applying the functor TP to the exact sequence 0 → HPM →
HPN → C → 0, we obtain the following commutative diagram with rows exact:





0 M N L 0.
Since P is a ∗∞-module and M,N ∈ Pres∞(P ), we have that ρM and ρN are isomor-
phisms and that T iPHPM = 0 = T iPHPN for all i  1 by Proposition 2.5. Hence we have
that T iPC = 0 for all i  1 and that TPC  L. Hence, C ∈ KerT i1P = HP (Pres∞(P )), by
Proposition 2.5. Let then C = HPX for some X ∈ Pres∞(P ), we have
C = HPX  HP (TPHPX)  HPTP (HPX) = HPTPC.
It follows that
D = coker(C → HPL)  coker(HPTPC → HPTPHPL) = 0.
Thus 0 → HPM → HPN → HPL → 0 is exact. 
We now give some characterizations of ∗∞-modules which are similar to Theorem 1.3.
Theorem 2.7. Let P ∈ R-Mod and A = EndR P . Then the following conditions are equiv-
alent:
(1) P is a ∗∞-module.
(2) P is self-small and for any exact sequence 0 → M → P (X) → N → 0 with N ∈
Pres∞(P ) and X a set, we have M ∈ Pres∞(P ) if and only if E1PM → E1P P (X) is a
monomorphism canonically.
(3) P is self-small and for any exact sequence 0 → M → N → L → 0 with N,L ∈
Pres∞(P ), we have M ∈ Pres∞(P ) if and only if the induced sequence 0 → HPM →
HPN → HPL → 0 is exact.
(4) P induces an equivalence TP : KerT i1P  Pres∞(P ) : HP .
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Assume that the induced sequence 0 → HPM → HPN → HPL → 0 is exact. Apply-
ing the functor TP , we have an exact sequence T i+1P L → T iPM → T iPN for any i  1.
Since P is a ∗∞-module, T iPHPL = 0 = T iPHPN for all i  1 by Proposition 2.5. Hence
T iPHPM = 0 for all i  1. It follows that M ∈ Pres∞(P ) by Lemma 1.1.
(3) ⇒ (2). It is clear.
(2) ⇒ (1). P is already self-small. Moreover, P is ∞-quasi-projective since for any
exact sequence 0 → N → P (X) → M → 0 with N ∈ Pres∞(P ) and X a set, we have
HPP
(X) → HPM → 0 is exact by hypothesis (2).
(1) ⇒ (4). By Proposition 2.5.
(4) ⇒ (1). Since A ∈ KerT i1P , we have that

















Thus P is self-small. For any exact sequence 0 → M → P (X) → N → 0 with M ∈
Pres∞(P ), we have the induced exact sequence 0 → HPM → HPP (X) → HPN → D →
0 where D = im(HPN → E1PM). An argument similar to that in Lemma 2.6 shows that
D = 0. Hence P is also ∞-quasi-projective. 
Corollary 2.8. Let P be a ∗∞-module with A = EndR P and M ∈ A-Mod. If M ∈
KerT i0P , then M = 0.
Proof. By Theorem 2.7, we have M  HPTPM = 0. 
The proof of the following proposition about the extension closure of Pres∞(P ) is easy,
so we omit it (see, for instance, [16, Proposition 2.9]).
Proposition 2.9. Let P be a ∗∞-module. Then Pres∞(P ) is extension closed if and only if
Pres∞(P ) ⊆ KerE1P := {M | Ext1R(P,M) = 0}.
3. ∞-Tilting modules
All the tilting modules involved in this section are finitely generated with finitely gen-
erated projective resolution.
It is well known that an R-module P is a tilting module of projective dimension  1
if and only if Gen(P ) = KerE1P [4,5]. This fact even holds when P is an infinitely gen-
erated tilting modules in the sense of [6]. It is also known that an R-module P is a tilting
module of projective dimension n if and only if Presn(P ) = KerEi1P and P has projec-
tive dimension  n [16]. Along this way, it is natural to consider R-modules P such that
Pres∞(P ) = KerEi1.P
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module.
Proof. For any exact sequence 0 → M → P (X) → N → 0 with N ∈ Pres∞(P ), we
have the induced exact sequences 0 → HPM → HPP (X) → HPN → E1PM → E1PP (X)
and EiPN → Ei+1P M → Ei+1P P (X) for any i  1. By assumptions we have N , P (X) ∈
Pres∞(P ) = KerEi1P . It follows that EiPM = 0 for all i  2. Therefore E1PM →
E1PP
(X)(= 0) is a monomorphism canonically if and only if E1PM = 0 if and only if
M ∈ KerEi1P = Pres∞(P ). Hence we have that P is a ∗∞-module by Theorem 2.7. 
We say that a category C is closed under ∞-submodules if for any infinite exact se-
quence 0 → M → C1 → ·· · → Cn → ·· · with Ci ∈ C for all i  1, there always holds that
M ∈ C [15].
Let P ∈ Mod-A. Then it is easy to see that KerT i1P is closed under ∞-submodules if
PA has finite flat dimension [15].
Denote by Inj the class of all injective R-modules. The following proposition is easy to
prove (see for instance [16, Theorem 3.5].
Proposition 3.2. If P is a ∗∞-module and Inj ⊆ Pres∞(P ), then Pres∞(P ) ⊆ KerEi1P . If
moreover, KerT i1P is closed under ∞-subs, then Pres∞(P ) = KerEi1P .
Recall that an R-module P with A = EndR P such that both RP and PA have finitely
generated projective resolutions is said to be a Wakamatsu-tilting module (see [14]) if the
following conditions are satisfied:
(1) R  End(PA) where A = EndR P ,
(2) ExtiR(P,P ) = 0 = ExtiA(P,P ) for all i  1.
By [13], the above conditions may be replaced by the following:
(i) ExtiR(P,P ) = 0 for all i  1,
(ii) There is an infinite exact sequence 0 → R → P0 →f0 P1 →f1 · · · such that
Ext1R(kerfi,P ) = 0 for all i  0, where Pi ’s are summands of finite direct sums of
copies of P .
Note that both tilting modules (of finite projective dimension) and Wakamatsu-tilting
modules are left–right symmetric [10,13].
Lemma 3.3. Assume that both RP and PA have finitely generated projective resolutions,
where A = EndR P . If RP is a ∗∞-module and Inj ⊆ Pres∞(P ), then P is a Wakamatsu-
tilting module.
Proof. An argument similar to [16, Proposition 3.6], shows that RPA is faithfully bal-
anced. Moreover, by Proposition 3.2 we see that Exti (P,P ) = 0 for all i  1. Note thatR
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module and Inj ⊆ Pres∞(P ), so that ExtiA(P,P ) = 0 for all i  1, by [10, Lemma 1.7].
Hence P is a Wakamatsu-tilting module. 
Definition 3.4. Assume P is an R-module such that both RP and PA have finitely gener-
ated projective resolutions, where A = EndR P . P is said to be an ∞-tilting module if P
satisfies the condition Pres∞(P ) = KerEi1P .
Clearly, ∞-tilting modules are Wakamatsu-tilting modules by Lemmas 3.1 and 3.3.
Compared with Wakamatsu-tilting modules, ∞-tilting modules may be viewed as a more
natural generalization of tilting modules of finite projective dimension to infinite projective
dimension, due to the following.
Lemma 3.5. Let P ∈ R-Mod with A = EndR P . P is a tilting module of finite projective
dimension if and only if P is an ∞-tilting module and P has finite projective dimension.
Proof. By [16], we see that the necessity holds.
The sufficiency. Let n be the projective dimension of P . By assumptions and
[16, Lemma 3.7 and Theorem 3.8], we need only to show that Presn(P ) ⊆ KerEi1P
(= Presn(P )). Now assume M ∈ Presn(P ); then we have an exact sequence 0 → Mn →
P (Xn) →fn · · · →f2 P (X1) →f1 M → 0. Let Mi = kerfi for 1 i  n. Applying the func-
tor HP , we obtain that 0 = En+jP Mn  En−1+jP Mn−1  · · ·  EjPM for all j  1. Hence
M ∈ KerEi1P and the conclusion follows. 
We now give an example of ∞-tilting modules of infinite projective dimension.
Example 3.6 (See also [14, Example 3.1]). Let R be the artin algebra defined by the fol-
lowing quiver and relation over a field k:
(quiver) 1 2 → 3 → 4 5,
(relation) (radA)2 = 0.




2 · · · 1 · · ·↗ ↘ ↗ ↘ ↗
1 · · · 2 · · · 1 32↘ ↗ ↘
1
2 · · · 3 · · · 45↘ ↗ ↘
4
3 5 · · · 4↗ ↘ ↗
4 · · · 5 · · · 43↘ ↗5
4
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sion PR = 21 ⊕ 1 32 ⊕ 3 ⊕ 43 5 ⊕ 54. The set of all indecomposable modules in Pres∞(P ) =
KerEi1P is {43,4,5, 45, 21, 1 32 ,3, 43 5, 54}. Since (1 ⊕ 3n) ∈ Presn+2(P ) for every n  1 and
(1 ⊕ 3n) /∈ Pres∞(P ), we see that P cannot be a ∗n-module.
Note that the module AP , where PR is in Example 3.6 and A = End(PR), is also an
∞-tilting module of infinite projective dimension, so it is natural to ask the following
question.
Question. Are all ∞-tilting modules left–right symmetric?
Corollary 3.7. Let P be an ∞-tilting R-module. Then there is an equivalence HP :
KerEi1P KerT
i1
P : TP .
Proof. By Definition 3.4, Lemma 3.1, and Theorem 2.7. 
The following lemma is easy to prove (see also [10, Lemma 1.12]).
Lemma 3.8. Let P ∈ R-Mod with A = EndR P . Assume that both RP and PA have finitely
generated projective resolutions.
(1) If there is an exact sequence 0 → X → E0 → ·· · → Ee → 0 with Ej ∈ KerEi1P for
0 j  e, then X ∈ KerEi =eP if and only if the induced exact sequence 0 → HPE0 →·· · → HPEe−1 → HPEe is exact. In this case, EePX  coker(HPEe−1 → HPEe)
holds.
(2) If there is an exact sequence 0 → Fe → ·· · → F0 → X → 0 with Fj ∈ KerT i1P for
0  j  e, then X ∈ KerT i =eP if and only if the induced exact sequence TPFe →
TPFe−1 → ·· · → TPF0 → 0 is exact. In this case, T ePX  ker(TPFe−1 → TPFe)
holds.
One of the deepest results in the tilting theory is the Brenner–Butler theorem. In the
following we show that it also holds for ∞-tilting modules.
Theorem 3.9. Let P be an ∞-tilting R-module. Then there are the following equivalences
of categories for any e 0:
EeP : KerEi =eP KerT i =eP : T eP .
Proof. Take an injective coresolution of Y ∈ KerEi =eP : 0 → Y → I0 →f0 · · · →fe−1
Ie →fe · · ·. Let Si = kerfi for all i  1. Since EiP Se  · · ·  Ei+e−1P S1  Ei+eP Y = 0
for all i  1, we have Se ∈ KerEi1P . Therefore, by Corollary 3.7, we see that HPSe ∈
KerT i1P and TPHPSe  Se canonically. Applying HP to the injective coresolution, we
obtain an exact sequence (0 =)HPY → HP I0 → ·· · → HP Ie−1 → HPSe → X → 0,
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and T ePX  ker(TPHP I0 → TPHP I1)  ker(I0 → I1)  Y as desired.
By taking a projective resolution of X ∈ KerT i =eP , one can dually prove that T ePX ∈




PX  X canonically. Consequently we obtain the desired results. 
Corollary 3.10. Assume that P is an ∞-tilting R-module and A = EndR P .
(1) If X ∈ KerEi0P , then X = 0.
(2) If X ∈ KerT i0P , then X = 0.
The following may be viewed as a generalization of [10, Proposition 1.18].
Proposition 3.11. Assume that P is an ∞-tilting R-module and A = EndR P . Take a pro-
jective resolution of RP : · · · →f2 Q1 →f1 Q0 →f0 P → 0.
(1) Let X ∈ R-Mod such that HomR(Qi,X) = 0 for some integer i  0, then EiPX = 0.
(2) Let e  0 be a fixed integer and X ∈ R-Mod. If HomR(Qi,X) = 0 for all i = e, then
X ∈ KerEi =eP .
(3) ⊕i0 Qi is a generator of R-Mod.
Proof. (1) We may assume that i  1. Let Sj = imfj for all j  0. From the exact se-
quence 0 → Si → Qi−1 → Si−1 → 0 we obtain the induced exact sequence
0 → HomR(Si−1,X) → HomR(Qi−1,X) → HomR(Si,X) → Ext1R(Si−1,X) → 0.
Since HomR(Qi,X) = 0, we see that HomR(Si,X) = 0. Consequently, we have
Ext1R(Si−1,X) = 0 by the above exact sequence. It follows that EiP (X) 
Ext1R(Si−1,X) = 0.
(2) It follows from (1) directly.
(3) It follows by (1)(2) and Corollary 3.10. 
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